
MAT 4233 — Problem Set 3
Due Tuesday 27 October 2026, at the start of the Q&A session.

This set covers the five meetings of 6 October through 22 October: cosets, Lagrange’s theorem and the index (Li–
Zhao §3.1), homomorphisms, their kernels and images (§3.3), normal subgroups and quotient groups (§3.4, two
meetings), and the first isomorphism theorem and groups of small order (§3.4). Rings now begin on 29 October,
so the problem on them has moved to Problem Set 4.

Maximum six pages. Each problem is scored on completeness alone, not on correctness: 2 for a nominally com-
plete solution, 1 for a clearly partial one, 0 for nothing submitted or for filler with no substance. Any submission
containing non-human-readable content, stray characters, or unproofread AI output scores 0 for that item.

Sources. AI assistance, solution keys, collaboration and the internet are all permitted, without restriction. Include
one line naming what you used. Note that at the Q&A session we name the problem you are to explain; you do
not choose, so be ready on every problem on this set.

Notation. We follow Li–Zhao: (𝐺 ∶ 𝐻) is the index of 𝐻 in 𝐺, ord(𝑔) the order of an element 𝑔, and 𝑈(𝑅) the
group of units of a ring𝑅 with unity. ℤ𝑛 is the integers modulo 𝑛, written [𝑎] or simply 𝑎, andℤ2 × ℤ2 is the direct
product. 𝐷𝑛 is the group of symmetries of a regular 𝑛-gon, with |𝐷𝑛| = 2𝑛, generated by a rotation 𝑟 of order 𝑛
and a reflection 𝑠, with 𝑠𝑟𝑠−1 = 𝑟−1. We compose permutations right to left, as functions: (𝜎𝜏)(𝑥) ∶= 𝜎(𝜏(𝑥)).

Problem 1 (Cosets, Order-Index, and Lagrange’s theorem)
1. Let 𝐻 = ⟨𝑠⟩ = {𝑒, 𝑠} in 𝐷4. List every left coset 𝑔𝐻 and every right coset 𝐻𝑔. Find all 𝑔 ∈ 𝐷4 for which

𝑔𝐻 ≠ 𝐻𝑔.
2. Let𝐺 be a finite group and 𝑔 ∈ 𝐺. Using Lagrange’s theorem or Order-Index, prove that ord(𝑔) divides |𝐺|,

and deduce that 𝑔|𝐺| = 𝑒. Apply this to the group 𝑈(ℤ𝑝), for 𝑝 prime, to prove Fermat’s little theorem: if
𝑝 ∤ 𝑎, then 𝑎𝑝−1 ≡ 1 (mod 𝑝).

3. Let 𝐻 and 𝐾 be subgroups of a group 𝐺 with |𝐻| = 12 and |𝐾| = 35. Prove that 𝐻 ∩ 𝐾 = {𝑒}.

Problem 2 (Homomorphisms)
Let 𝜑∶ 𝐺 → 𝐺′ be a group homomorphism, and let 𝑒, 𝑒′ be the identities of 𝐺, 𝐺′.

1. Prove that 𝜑(𝑒) = 𝑒′, that 𝜑(𝑔−1) = 𝜑(𝑔)−1 for all 𝑔 ∈ 𝐺, that ker𝜑 is a subgroup of 𝐺, and that 𝜑 is
injective if and only if ker𝜑 = {𝑒}.

2. Show that the rule [𝑎]12 ↦ [𝑎]4 gives a well-defined homomorphism ℤ12 → ℤ4, and find its kernel and its
image. Then show that the rule [𝑎]12 ↦ [𝑎]5 does not define a function ℤ12 → ℤ5 at all.

3. Prove that if 𝑔 ∈ 𝐺 has finite order, then ord(𝜑(𝑔)) divides ord(𝑔). Deduce that the only homomorphism
ℤ5 → 𝑆3 is the trivial one, 𝑥 ↦ 𝑒.
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Problem 3 (Normal subgroups and quotient groups)
Recall that 𝐻 ≤ 𝐺 is normal, 𝐻 ⊴ 𝐺, if 𝑔𝐻 = 𝐻𝑔 for every 𝑔 ∈ 𝐺.

1. Prove that 𝐻 ⊴ 𝐺 if and only if 𝑔ℎ𝑔−1 ∈ 𝐻 for all 𝑔 ∈ 𝐺 and ℎ ∈ 𝐻 .

2. In 𝑆3, show that ⟨(1 2 3)⟩ is a normal subgroup, and that ⟨(1 2)⟩ is not, by exhibiting a 𝑔 with 𝑔⟨(1 2)⟩ ≠
⟨(1 2)⟩𝑔.

3. Let 𝑁 = ⟨𝑟2⟩ = {𝑒, 𝑟2} in 𝐷4.

a. Show that 𝑁 ⊴ 𝐷4.

b. List the four cosets that make up 𝐷4/𝑁 .

c. Show that the square of every element of 𝐷4/𝑁 is the identity coset, and conclude that 𝐷4/𝑁 ≅
ℤ2 × ℤ2 rather than ℤ4.

Problem 4 (The first isomorphism theorem; groups of order 4)
1. Let 𝑛 ≥ 1, and let 𝜑∶ ℂ∗ → ℂ∗ be 𝜑(𝑧) ∶= 𝑧𝑛, where ℂ∗ is the multiplicative group of nonzero complex

numbers. Show that 𝜑 is a surjective homomorphism, and that its kernel is the group 𝜇𝑛 of 𝑛-th roots of
unity. Conclude, naming the theorem, that ℂ∗/𝜇𝑛 ≅ ℂ∗: a group can be isomorphic to one of its own
proper quotients.

2. Prove that every group of order 4 is isomorphic to ℤ4 or to ℤ2 × ℤ2, and that these two are not isomorphic
to each other. (Use Lagrange’s theorem to list the possible orders of elements. You may quote that a group in
which 𝑎2 = 𝑒 for every 𝑎 is abelian.)

3. Decide which of the two groups of part 2 each of 𝑈(ℤ8) and 𝑈(ℤ10) is isomorphic to.
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